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ABSTRACT 
Solutions are presented f o r  subtracted d i spe r s ion  r e l a t i o n s ,  w r i t t e n  
f o r  the s and p-wave inverse TTT s c a t t e r i n g  amplitudes with (CDD) poles  
in se r t ed  i n t o  both s-waves. These so lu t ions  p red ic t  t h e  exis tence of a 
super broad I = 0 s-wave resonance ( 0 )  accompanied by a s m a l l ,  negat ive 
I = 2 phase s h i f t ,  i n  the  absence of any s-wave experimental input 
whatsoever. While p-wave sub t r ac t ion  parameters are adjusted t o  f i t  
a 755 MeV p resonance with width 120 MeV, t he  s-wave parameters are 
determined by crossing symmetry through de r iva t ive  conditions t o  t h i r d  
order. The coupling constant ,  A ,  is a f r e e  parameter, and resonant 
solut ions are obtained f o r  -,033 2 X 2 .040 with G masses ranging from 
550 t o  900 MeV. I n  no case does 6 rise t o  135" by 1 BeV. On the  b a s i s  
of a sum r u l e ,  so lu t ions  with X Z .007 are preferred.  The da ta  from 
which two experimental analyses predicted the  s c a t t e r i n g  length r a t i o  
ao/a2 = -3 are compared t o  predict ions based on the  so lu t ions .  
i s  obtained f o r  so lu t ions  with .007 < X < .03 with -2 i a /a, < 0 ,  
The "best" solut ion,with X = .020, p r e d i c t s  a CI of 750 MeV and an I = 2 
s-wave phase s h i f t  of -18" a t  t h e  p mass. I ts  s c a t t e r i n g  lengths  are 
0 
0 
Agreement 
0 
3 
pao = - 0 4 0 ,  ua2 = -.088 and 1-1 al = .032, and So-6 = 53" a t  500 MeV. 2 
1 INTRODUCTION 
Lovelace’s ana lys i s  of backward n p  s c a t t e r i n g  da ta  using d ispers ion  
r e l a t i o n s  p.l  provided one of t h e  earliest  ind ica t ions  of t he  ex is tence  
of an s-wave I = 0 nn resonance, t he  a e  Consequently, i t  has been 
something of a disappointment t h a t  d i spers ion  r e l a t i o n  ca l cu la t ions  of  
mr sca t t e r ing ,  incorporat ing the  r e s t r i c t i v e  conditions of u n i t a r i t y  
and crossing symmetry, have u n t i l  now f a i l e d  t o  p red ic t  the a without 
t he  input  of add i t iona l  s-wave information. 
Shaw, assuming the ex is tence  of a c r ,  have ca lcu la ted  a range of s-wave 
s c a t t e r i n g  lengths  which includes those predicted by Weinberg from PCAC 
cons idera t ionse3  
Nevertheless Morgan and 
2 
Also, Tryon4 has produced a cr i n  ca lcu la t ions  using 
Weinberg’s s c a t t e r i n g  lengths  as input .  
repor t s  a series of ca lcu la t ions  of subt rac ted  d ispers ion  r e l a t i o n s ,  
wr i t t en  f o r  t he  vn  inverse p a r t i a l  wave amplitudes, which culminates 
i n  the pred ic t ion  of a broad CT resonance, a small negat ive I = 2 phase 
s h i f t ,  and s-wave s c a t t e r i n g  lengths  i n  good agreement with earlier 
predic t ions ,  i n  the  absence of any s-wave input  whatsoever. 
This present  paperp howeverg 
The so lu t ions  reported here in  are ordered by the  Chew-Nandelstam 
coupling constant A ,  Which is a f r e e  parameter i n  the  ca l cu la t ions ,  The 
mass of the  predicted CT resonance increases  with A s  from 550 MeV f o r  
A = - ,033 t o  900 NeV f o r  ?, = .040, as does i t s  width, 
of the s-wave I = 0 a t t r a c t i o n  with increasing A i s  evidenced by a 
t r a n s i t i o n  so lu t ion  ( 6 0  small and negat ive below 700 MeV,  s m a l l  and 
p o s i t i v e  above) f o r  X = . lo0 which l i n k s  the  resonant so lu t ions  t o  the  
Further weakening 
0 
repuls ive  s-wave dominant so lu t ions  previously reported f o r  l a r g e  
-3- 
-4- 
p o s i t i v e  A. 5-7 While so lu t ions  could not  be obtained f o r  X -.033, 
pro jec t ing  an increasing a t t r a c t i o n  with decreasing X i nd ica t e s  t he  
probable establishment of a bound s ta te  f o r  l a r g e r  negat ive A. This 
bound s t a t e  has a l ready been reported i n  r e s u l t s  which f a i l e d  t o  e x h i b i t  
resonant behavior 6 y 7  
a 9 resonance, these so lu t ions  provide an understanding of the  i n t e r a c t i o n  
as a funct ion of X which explains earlier r e s u l t s  whose i n t e r p r e t a t i o n  w a s  
previously unclear 
Thus, i n  add i t ion  t o  p red ic t ing  the  exis tence of 
The innovations which lead t o  the  s t r i k i n g  success of these calcula-  
t i o n s  are the  i n s e r t i o n  of (CDD) pole terms i n t o  the  dispers ion r e l a t i o n s  
f o r  both of the  s-wave inverse amplitudes, and the  evaluat ion of parameters 
using d e r i v a t i v e  conditions t o  t h i r d  order  from crossing symmetry. The 
i n s e r t i o n  of t h e  pole  t e r m s  allows the  p o s s i b i l i t y  of zeros i n  both s-wave 
p a r t i a l  wave amplitudes. While such zeros have been predicted from PCAC 
considerations 3 J  * no conditions from current  a lgebra are imposed i n  the 
ca l cu la t ions .  I n  f a c t ,  s ince  crossing symmetry r equ i r e s  the  f i r s t  
de r iva t ives  of the  s-wave inverse amplitudes t o  be proport ional  t o  X 
[ E q s .  (19) 
be s a t i s f i e d  by dispers ion i n t e g r a l s  unless  f u r t h e r  s t r u c t u r e  i s  b u i l t  i n .  
Thus, even the  motivation f o r  t h e  in t roduc t ion  of the  pole t e r m s  is  
contained within t h i s  formalism, Nevertheless, f o r  t he  resonant so lu t ions  
the  pos i t i ons  of t he  zeros of t h e  I = 0 and 2 s-wave amplitudes, p lo t t ed  
one against  t he  o the r ,  l i e  on a s t r a i g h t  l i n e  passing through the  point  
predicted by PCAC. 
-2 
( 2 0 ) ] ,  it  i s  obvious t h a t  f o r  s m a l l  1x1  t h i s  condition cannot 
-5- 
The s i n g l e  t h i r d  de r iva t ive  equation used here  w a s  derived and used 
It w a s  i n  a previous paper by the author,’ henceforth r e fe r r ed  t o  as I. 
then impossible to asce r t a in  the  usefulness  of t h i s  equation because i n  
I it was only poss ib le  t o  obtain so lu t ions  f o r  IAl > .1 (which d i f f e r e d  
l i t t l e  from earlier non-resonant, s-wave dominant so lu t ions ) ,  Since t h i s  
equation w a s  of unknown u t i l i t y ,  and is a l so  d i f f i c u l t  to apply, i n i t i a l l y  
i t  was  not used t o  eva lua te  parameters i n  t h e  ca lcu la t ions  reported here ,  
However, it was found t o  provide an unambiguous choice among resonant 
so lu t ions  produced when the  I = 2 s-wave phase s h i f t  w a s  f ixed  a t  experi- 
mental values.  
i t e r a t i o n  was the  c r u c i a l  s t e p  i n  obtaining the  c l e a r  understanding of 
Its subsequent imposit ion i n  de te rminhg parameters during 
the  i n t e r a c t i o n  as a funct ion of A which has a l ready been described. 
11. FORMALISM 
I n  terms of the  v a r i a b l e  v = s / 4  - 1, where s i s  the  cen te r  of mass 
energy squared (na tu ra l  u n i t s ,  mTr = l), t h e  u n i t a r i t y  condition f o r  
e l a s t i c  s c a t t e r i n g  is  
AR(u)  I = [ ( ~ + l ) / u ] ~ / ~ ( c o t  6,-i)  I -1 9 
I where u This r e l a t i o n  is  assumed 
v a l i d  within the  energy range of these ca l cu la t ions .  The once subtracted 
dispers ion r e l a t i o n s  f o r  t h e  s-wave inve r se  amplitudes F I ( v )  = A (v )  
with pole t e r m s  i n s e r t e d ,  are 
0 and the  phase s h i f t s ,  c S R 9  are real. 
I -1 
0 , 
and t h e  twice subtracted p-wave d i spe r s ion  r e l a t i o n ,  w r i t t e n  f o r  F (v)  = 1 
(F1(v) l acks  the  threshold s i n g u l a r i t y  of Al(v)  1 -1 .) The i n t e g r a l  over the 
r i g h t  hand cu t  d i scon t inu i ty  (given by u n i t a r i t y )  is 
0 
f o r  u 0 o r  u .C -1 
2 -v 1 / 2  tan-l l + v  1 / 2  
71 (,I (7) = - -  
f o r  -1 i v 0 . 
-6- 
( 4 )  
-7- 
The i n t e g r a l  over t h e  l e f t  hand cut  d i scont inui ty  i s  
and the  imaginary p a r t s  of t h e  hverse amplitudes are 
2 e(-v-1) e (6) 
Using approximate crossing symmetry, t he  l e f t  hand cu t  d i scon t inu i ty  i s  
expressed i n  terms of the  r i g h t  hand cut d i scont inui ty  i n  the  crossed 
channels ; 
-3-1 
where x is the  usual  crossing matr ix  
P 
and the  p a r t i a l  wave ekpansion is t runcated a f t e r  p-waves. On t h e  r i g h t  
I 
R hand cu t  Im A (v) may be w r i t t e n  using the  u n i t a r i t y  condition as soon 
I -1 as Re[AR(v) 
and evaluat ing parameters, then computing LI(v) ,  recomputing parameters, 
e t c . ,  u n t i l  a l l  parameters change by less than one per cent i n  the  last  
1 is known. Hence i t e r a t i o n  proceeds by neglect ing L (v) I 
i terative loop 
-8- 
The e i g h t  parameters introduced by pole  terms and sub t r ac t ions  are 
evaluated by a combination of conditions from crossing symmetry and 
experiment. The p-wave sub t r ac t ion  constants  are f ixed  by the  m a s s  and 
width of t he  p resonance by requir ing 
and 
V = o  (9) 
D 
with v = 6.25 and y = 1.15, corresponding t o  a resonance of mass 755 MeV 
and width 120 MeV. Thus, a t  the  p resonance the  p wave has the  same slope 
as i f  i t  were given by t h e  Breit-Wigner form 
P 
Crossing symmetry, applied a t  t he  symmetry po in t  of t he  Mandelstam 
triangle,, provides d e r i v a t i v e  conditions which may b e  used t o  evaluate  
parameters, Although an i n f i n i t e  number of conditions are a v a i l a b l e ,  
higher p a r t i a l  waves become more important i n  higher  de r iva t ive  conditions.  
Consequently, i n  t he  following d e r i v a t i v e  conditions (Eqs .  (21), (22a), 
(22b), (26) and (28) of I) ,  d-waves have been removed from the  second 
d e r i v a t i v e  condition, and both d and f-waves have been removed from 
the  t h i r d  d e r i v a t i v e  condition, by parameterizing them near threshold 
and combining equations : 
2A0  = 5 A i  
-9- 
4 -2 -dv dv - =  
1 = -9 A1 
(13) 
(14) 
- - - -  d2Ai = 27A1  + 18 - 4* a2 
dv2 dv dv 
675 1 
= -g- A1 
d3Ai 
- y 3/ 
dv 1 
225 dA1 %-- 4 dv 
75 
+4 
d2Ai 
2 dv 
-
These conditions are 
it is  t o  be r eca l l ed  
as a f r e e  parameter, 
2 t o  be evaluated a t  the  symmetry poin t  v = - - 3 0 and 
SP 
0 
0 SP 
t h a t  A (v ) = -5Xe Thus, with X spec i f i ed  a p r i o r i  
the  s i x  s-wave parameters may be evaluated without 
using conditions based upon experimental r e s u l t s ,  
Before discussing the  appl ica t ion  of these  conditions i t  is perhaps 
i n  order  to comment upon t h e i r  usefulness ,  I n  Ref, 4 ,  Tryon comments 
that when d-waves are kept ,  t he  so lu t ions  of p a r t i a l  wave d ispers ion  rela- 
t i ons  s a t i s f y  second and a l l  higher  de r iva t ive  conditions i d e n t i c a l l y ;  
thus they are not usefu l  t o  him i n  determining parameters. Within the  
formalism used here ,  unless  t h e  pole term parameters are chosen t o  s a t i s f y  
a given condi t ion the re  is c l e a r l y  no reason t o  expect i t  t o  be s a t i s f i e d ,  
Thus the usefulness  of a condition must be determined by whether o r  no t  
it provides a means of discr iminat ing between poss ib le  choices of a 
parameter, o r  so lu t ion ,  The usefulness  of t he  t h i r d  de r iva t ive  equation 
[Eq, (16)] was se r ious ly  questioned when ea r ly  ca lcu la t ions  showed i t  
t o  be w e l l  s a t i s f i e d  over a wide range of X by so lu t ions  obtained when 
-10- 
6' 
0 
condition was replaced by one f i x i n g  6 there, Eq. (16) provided an 
unambiguous m e a n s  of discr iminat ing between the  so lu t ions  e With i t s  
u t i l i t y  thus es tab l i shed  i t  w a s  then successfu l ly  used t o  rep lace  the 
condition from experiment i n  determining parameters. 
Although i t  may not  be  immediately obvious, the appl ica t ion  of the  
F i r s t  
w a s  required t o  resonate  a t  745 MeV, However, when t h e  resonance 
2 
0 
de r iva t ive  equations t o  determine parameters is s t ra ightforward.  
the  condi t ions are expressed i n  terms of the  inverse funct ions F With 
X spec i f ied  a p r i o r i ,  t he  zeroth and f i r s t  order equations provide four  
condi t ions,  each l i n e a r  i n  only one of the  s-wave funct ions F ( r e c a l l  
t ha t  the  p-wave is completely known from the  p mass and width):  
I" 
0 $ 2  
x t - (5F0)-l 
-1 = -(2F2) 
- dFO = -6(25A 2 F1)-' 
dv 
- =  dF2 3 (4X2F1)-l 
dv 
While d i f f e r e n t i a t i o n  of the numerically evaluated l e f t  cu t  i n t e g r a l s  is  
d i f f i c u l t  a f t e r  in tegra t ion ,  Eq. (5) may be d i f f e r e n t i a t e d  any number of 
t i m e s  p r i o r  t o  che in t eg ra t ion ,  Since the  r e su l t i ng  i n t e g r a l s  converge 
even more rap id ly ,  no accuracy i s  l o s t  by t h i s  procedure. 
The second and t h i r d  de r iva t ive  conditions are s l i g h t l y  more complicated 
t o  apply because they involve both s-waves, 
from experiment is applied t o  e i t h e r  one of the  s-waves, t h a t  condition p lus  
Nevertheless,  when a condition 
-11- 
two of the  above condi t ions allow the evaluat ion of the  th ree  parameters 
of t h a t  p a r t i a l  wave via l i n e a r  equations,  With one s-wave known, the 
second de r iva t ive  condi t ion ( incorporat ing Eqs. (17)-(20) 1, 
(21) 
-2 dF1 83. d2F0 d2F2 -(5AF1) (12 -- ---- = dv dv2 dv m) 
may be l i n e a r l y  combined with the  o the r  two equations above, specifying 
all parameters unambiguously. The t h i r d  de r iva t ive  equation (expressed 
incorporat ing Eqs. (17)-(20)) 
may then be evaluated s t ra ight forwardly ,  
When Eq. (22) is used i n  solving f o r  parameters, a quadra t ic  equation 
r e s u l t s  f o r  the r a t i o  y / B  f o r  one of t he  s-waves. Consequently, two I 1  
sets of parameters are produced, I n  general ,  i n i t i a l l y  choosing the set 
with a < 0, then minimizing t h e  change i n  y r e su l t ed  i n  so lu t ions ,  
while the opposi te  i n i t i a l  choice l e d  t o  imaginary roo t s ,  Howeverp f o r  
0 0 
A < -.008 the  i n i t i a l  roo t s  were imaginary, This d i f f i c u l t y  w a s  overcome 
by assuming i n i t i a l  va lues  f o r  t he  L (v) and t h e i r  de r iva t ives  a t  the  
symmetry poin t  taken from so lu t ions  obtained f o r  the  same A values  when 
I 
the resonance w a s  required,  Even t h i s  technique f a i l e d  f o r  A < -.033, 
when a f t e r  a few i t e r a t i o n s  the  roo t s  became imaginary. 
111, RESULTS 
0 Calculations were ca r r i ed  out  f o r  t h r e e  cases,  I n  the  f i r s t ,  6o w a s  
2 required t o  resonate  at 745 MeV; i n  t he  second, 6 w a s  f ixed within i t s  0 
experimentally determined range near the  p mass; i n  t h e  t h i r d  case t h e  
t h i r d  de r iva t ive  condition w a s  imposed, 
as a f r e e  parameter, and so lu t ions  w e r e  obtained over as wide a range of 
A as possible .  Crossing conditions through the  second de r iva t ive  were 
enforced i n  a l l  cases,  
In  a l l  cases A was  f ixed a p r i o r i  
A. RESONANCE REQUIRED 
The s-wave phase s h i f t s  of t y p i c a l  so lu t ions  obtained when a 5 of 
745 MeV" w a s  required are shown i n  Fig. 1, and t h e  r e l a t e d  s c a t t e r i n g  
lengths  i n  Fig. 2,  For -,05 < A < .05, t h e  s c a t t e r i n g  lengths  agree 
within 5% with those computed by Morgan and Shaw2 f o r  a cr of 765 MeV. 
Thus, the  general  agreement found between t h e i r  phase s h i f t s  and those 
of Fig. 1 i s  expected, Since the  so lu t ions  presented here  cover a wider 
range of A ,  i t  is t o  be expected t h a t  as A increases  t o  .lo0 the  s ign  
change of 6 occurs at higher energy, and t h a t  as A decreases to-*080, 
6 
cases. 
t h a t  they obtained them, s ince  they obtained pos i t i ve  I = 2 s c a t t e r i n g  
lengths  f o r  A < -,03. A notable  d i f fe rence ,  however, is seen when the 
6 curves of Fig,  1 are compared with those of Morgan and Shaw near t he  
u resonance, Their so lu t ions ,  obtained by t r e a t i n g  the  width of the  CT 
as an input  parameter, exh ib i t  a wide range of widths,  while t h e  formalism 
used here  p red ic t s  only very broad, asymmetric resonances, Their weaker 
0 
0 
0 
0 increases  more rap id ly  near threshold,  than occurred i n  t h e i r  l imi t ing  
Although they published no turnover g2 so lu t ions ,  i t  may be assumed 0 
0 
0 
-12- 
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conclusion t h a t  so lu t ions  with broad 0 ' s  are preferab le  is an ind ica t ion  
of t he  g rea t e r  power of t he  method used here ,  
Since a l l  resonant so lu t ions  reported i n  t h i s  paper are very broad, 
it should be emphasized t h a t  t h i s  is a consequence of t he  crossing condi- 
t i ons  employed, and cannot be a t t r i b u t e d  t o  i n f l e x i b i l i t y  of t h e  s-wave 
parametrization. To see t h i s ,  note  t h a t  as v increases  above t h e  pos i t i on  
0 0 of t he  pole  of F ( ly ing  e i t h e r  above o r  below threshold) ,  FO(v) decreases 0 
from 4- t o  zero a t  t h e  resonance. 
allowed by the  form of the  parametr izat ion,  would correspond t o  6 
increasing t o  135". The absencp, of such an increase  must therefore  be 
a t t r i b u t e d  t o  the  conditions used t o  f i x  t h e  parameters, i .e. crossing 
symmetry. 
A continued decrease t o  -1, c l e a r l y  
0 
0 
The most su rp r i s ing  r e s u l t s  of t he  ca l cu la t ions  performed with the  
cs resonance required are shown i n  Fig.  3 ,  where t h e  r i g h t  and l e f t  hand 
s ides  of Eq. (16),  t he  t h i r d  de r iva t ive  equation, are p lo t ted .  This 
equation is seen t o  be  su rp r i s ing ly  w e l l  s a t i s f i e d  over almost t h e  e n t i r e  
range of X shown, and c l e a r l y  cannot be used t o  choose any one so lu t ion  
as best .  When t h i s  w a s  discovered, it w a s  assumed t h a t  it w a s  somehow 
due t o  the  s a t i s f a c t i o n  of t h e  lower de r iva t ive  crossing condi t ions,  and 
t h a t  t he  t h i r d  de r iva t ive  condi t ion w a s  therefore  empty. It c e r t a i n l y  
seemed unl ike ly  t h a t  the imposit ion of t h i s  condi t ion would prove t o  be 
the c r i t i c a l  s t e p  i n  obtaining resonant so lu t ions  over a wide range of 
(see sec t ion  C )  
-14- 
With the  loss of the t h i r d  de r iva t ive  condi t ion as a means of d i s -  
criminating between so lu t ions ,  t he  p o s s i b i l i t y  of f i rmly predic t ing  the  
exis tence of a CT i n  t h i s  case vanished, Nevertheless,  t he  progression of 
2 0 2 with A ind ica ted  the p o s s i b i l i t y  of a A 0  progression i f  6 
0 0 
6 was con- 
s t r a ined ,  This provided t h e  motivation f o r  the  next set of ca lcu la t ions ,  
2 B, 6 o  FIXED NEAR THE p 
Figs. 4-7 show t h e  s-wave phase s h i f t s  of t y p i c a l  so lu t ions  obtained 
2 
0 when the value of 6 
mined range. The r ep roduc ib i l i t y  of r e s u l t s  within t h i s  formalism may 
be seen as follows: from Fig. 1, a CT near  the  p mass is  predicted f o r  
A 
a t  745 MeVl0  was  f ixed  i n  i t s  experimentally deter-  
.04 when 6* = -20'; i t  is seen i n  Fig. 4 f o r  A = -.038. A similar 0 
2 
CT may be expected f o r  A 0 when 6 o  = -15', and i s  seen i n  Fig. 5 
A = -  .002, The incompat ib i l i ty ,  seen i n  Fig. 1, of a CT near the  p 
and 62  = -10' is  evident  i n  the  l ack  of such a so lu t ion  i n  Fig. 6, 0 ,. 
f o r  
mass 
Fina l ly  
L f o r  6 o  = -20' a CT near  the p mass is  predicted f o r  A 
Although such a r e s u l t  w a s  not  obtained, a so lu t ion  f o r  A = -.057, resonant 
at 1 BeV, is seen i n  Fig. 7 .  Thus the  formalism is s a t i s f a c t o r i l y  s e l f -  
cons is ten t ,  
-,06 from Fig. 1, 
The most obvious f e a t u r e  of Pigs,  4-6, the decrease of t he  mass and 
width of the CT with increas ing  A ,  tu rns  out t o  be a misleading consequence 
of the  cons t r a in t  of g 2  
i n t e rac t ion ,  increas ing  i n  s t rength  with A n  However, t h e  so lu t ion  f o r  
A = .057 of Fig.  5 shows t h a t  ins tead  of a bound state being formed f o r  
l a rge  A ( i e e e  the  resonance approaching, then going below threshold with 
The decrease would seem t o  imply an a t t r a c t i v e  0" 
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increas ing  A )  t he  i n t e r a c t i o n  becomes repuls ive,  (Since intermediate  
so lu t ions  of t h i s  type most o f t en  f a i l e d  t o  converge upon i t e r a t i o n ,  t h i s  
conclusion was f i r s t  reached by not ing that the  s c a t t e r i n g  lengths  of 
Fig. 8 d id  not exh ib i t  the d i scon t inu i ty  which would have corresponded 
t o  the establishment of a bound s t a t e , )  
0 so lu t ions  is ins tead ,  t h e  advance wi th  increasing A ,  of t h e  pole  of Fo 
(zero 6 ) toward v = 
The pe r t inan t  f ea tu re  of these  
0 
0 and i t s  reappearance of l a r g e  negat ive va lues  of v a  
The t r u e  increase  of a t t r a c t i o n  occurs with negat ive A ,  culminating 
i n  the formation of t h e  bound state seen i n  Fig. 7 f o r  A = -.67. 
only extremely heavy, broad o ' s - a r e  produced here ,  w i t h  the l i g h t e s t  
occurring at 1 BeV f o r  A = -,057. 
with A < -,13 
t o  t he  cons t r a in t  of t he  I = 2 s-wave imposed i n  1 by the  i n s e r t i o n  of 
a pole term i n t o  only t h e  I = 0 s-wave. 
However, 
The c lose  s i m i l a r i t y  of the  so lu t ions  
t o  the  negat ive A so lu t ions  obtained i n  I is  probably due 
I n  Fig. 8 the  s-wave s c a t t e r i n g  lengths  are p lo t t ed  one aga ins t  t h e  
other .  
lower curves represent ing  0 ' s  of 900, 765 and 600 MeV respectively,, The 
curve of Fig. 2 ,  drawn f o r  a o of 745 MeV, would l i e  just s l i g h t l y  below 
the  middle curve, as is expected, The progression of t he  po in t s  across  
the  curves as the  o is es tab l i shed  and moves toward threshold is  i n  
accordance with the  order ing of t he  curves, 
The curves are from Morgan and Shaw, with the  upper, middle and 
Order w a s  introduced i n t o  t h i s  confusing welter of so lu t ions  by the 
re su r rec t ion  of the  t h i r d  de r iva t ive  condition, Eq. (16),  appl ied t o  the  
var ious so lu t ions ,  is shown i n  Fig,  9 ,  It c l e a r l y  s e l e c t s  a s i n g l e  so lu t ion  
-16- 
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0 from each set computed f o r  a given 6o value,  
and -20" t he  prefer red  so lu t ions  have X values  of -.017, -007 and .038,  
For 6 values  of - loo,  -15" 
and exh ib i t  5 resonances with masses of 600, 660, and 750 MeV, Thus, 
with increas ing  X t he  5 moves away from threshold,  i nd ica t ing  a weakening 
a t t r a c t i o n .  The connection of t hese  se l ec t ed  so lu t ions  with the  repuls ive  
so lu t ions  found i n  I f o r  l a rge  p o s i t i v e  X is seen by the  onset  of repuls ion  
indicated by the emergence of the  pole of FO(v) (zero of 6 ) above threshold 
2 i n  the  so lu t ion  f o r  6 = -20 with X = .038.  0 
0 0 
0 
Thus, t he  t h i r d  de r iva t ive  condi t ion proved t o  be the  condi t ion which 
forces  the ex is tence  of a 5 resonance over a wide range of  A. Further ,  
the  i n t e r p r e t a t i o n  of the  so lu t ions  s a t i s f y i n g  i t  i s  cons is ten t  with the  
previously e x i s t i n g  information about t h e  i n t e r a c t i o n  as a funct ion o f  A. 
With i t s  usefulness  thus proven, the  l o g i c a l  next s t e p  w a s  t o  use it t o  
obta in  so lu t ions  completely devoid of s-wave input  from experiment. 
C, THIRD DERIVATIVE CONDITION IMPOSED 
The s-wave phase s h i f t s  f o r  t y p i c a l  so lu t ions  obtained when - a l l  s-wave 
parameters w e r e  f ixed  s o l e l y  by conditions from crossing symmetry are 
shown i n  Fig. 10. 0 
with increas ing  A ,  and t h e  so lu t ion  with X = . lo0 ind ica t e s  t he  t r a n s i t i o n  
to  the  repuls ive  so lu t ions  previously obtained fo r  A > .la The s c a t t e r i n g  
lengths  f o r  these  so lu t ions  agree c lose ly  with those computed when the  
resonance w a s  required,  and are p lo t t ed  i n  Fig. 11, Imaginary roo t s  
obtained i n  solving f o r  parameters prevented so lu t ions  with A < - .033 o r  
X > .le 
The a t t r a c t i o n  causing the  resonant 6"s c l e a r l y  weakens 
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The asymmetry of t h e  6' curves p lus  the f a c t  t h a t  none of them rise 0 
above 135' by 1 BeV, makes it  d i f f i c u l t ,  i f  not  meaningless, t o  ass ign  
widths t o  the  cr's ind ica ted  by t h e  var ious  curves, A common approximation 
is t o  quote the  width of a Breit-Wigner resonance, t he  real p a r t  of whose 
inverse amplitude at the  resonance pos i t i on  has t h e  same slope (as i n  
Eqs. (9)-(11))* For the so lu t ions  with X = -.033, .007 and -040,  above 
the resonance the  square of such an amplitude f a l l s  t o  ha l f  of i t s  maximum 
value a t  710, 1050 and 2350 MeV. However, the  corresponding poin t  below 
the resonance l i e s  below threshold f o r  a l l  so lu t ions  except t h a t  f o r  
X = - .033,  f o r  which it  l ies  at. 310 MeV. 
The loca t ions  of t he  zeros of t he  s-wave amplitudes are p lo t t ed  one 
aga ins t  t h e  o ther  i n  Fig. 12. For the  resonant so lu t ions ,  they l i e  on 
a s t r a i g h t  l i n e  passing through the  poin t  predicted from PCAC considerat ions,  
which coincideswith t h e  so lu t ion  with X = -.008, Since the  resonant solu- 
t i ons  obtained f o r  the  o ther  cases  exhib i ted  zeros  ly ing  on t h i s  same l i n e ,  
it w a s  f e l t  t h a t  t h i s  must be due t o  some inva r i an t  f ea tu re  of t h e  formula- 
t ion ,  The most obvious p o s s i b i l i t y  w a s  a combination of t he  lowest order 
crossing condi t ions,  Parametrizing the  s-waves by 
and applying only Eqs, (12) and (13) yielded the  pred ic t ion  
f o r  comparison w i t h  the l i n e  of Fig, 12,  
-18- 
v 2  = .74Ov0 - 1,17 (25 1 
Since the  amplitudes are not  l i n e a r ,  t h i s  is  q u i t e  s a t i s f a c t o r y  agreement. 
The d i f fe rence  i n  s lopes  is mainly due t o  a systematic  decrease,  with 
increasing A ,  of the  second de r iva t ive  of A 0 0 at  t h e  symmetry point ,  
I n  achieving the  above predic t ion ,  it was seen t h a t  with only t h e  
add i t iona l  imposit ion of condition (14) the s c a t t e r i n g  lengths  would be 
r e l a t e d  by 
2a 0- 5a2 = 18/Ft(sp)  (2 6) 
( s t i l l  assuming l i n e a r  s-waves), The Breit-Wigner P used t o  f i x  the  p-wave 
1 i n  Eqs. (9)  and (10) corresponds t o  F1(sp) = 31.9, so  the  s c a t t e r i n g  lengths  
would l i e  on t h e  l i n e  
a2 = .4a0 - .113 (27) 
Now i n  t h e  a c t u a l  ca l cu la t ions ,  t he  p-wave d i f f e r s  from a B-W resonance 
1 due t o  the cu t  i n t eg ra l s .  1 
increases  with A ,  and agrees with the  B-W value f o r  A ~$0 (Table I) .. For 
each so lu t ion  i t  is st raightforward t o  p red ic t  a l i n e  similar t o  Eq. (27), 
and (usfng the  value of A a l so )  t he  poin t  on the l i n e  expected i f  t h e  s-wave 
amplitudes w e r e  l i n e a r ,  These pred ic t ions  are shown i n  Fig, 11. From the  
su rp r i s ing  accuracy of these  crude predic t ions  i t  is clear t h a t  t h e  
s c a t t e r i n g  length  curve is determined pr imari ly  by t h e  lowest order crossing 
conditions and the  p-wave a t  t h e  symmetry poin t ,  
Examination of the  so lu t ions  shows t h a t  F (sp) 
I V ,  PREFERRED SOLUTIONS 
A l l  of the  resonant so lu t ions  of Fig,  10  are acceptable i n  the sense 
t h a t  t h e i r  phase s h i f t s  near  t he  P resonance l i e  within the  range of 
values  reported experimentally,  Nevertheless,  they d i f f e r  s i g n i f i c a n t l y  
near threshold 
s h i f t  i n  one o r  t he  o the r  of t he  i sosp in  states. Although phase s h i f t  
analyses based on t h e  s c a t t e r i n g  of charged pions are unre l i ab le  a t  low 
energies ,  and multi-valued as w e l l ,  o the r  experimental evidence e x i s t s  
which may be used t o  select a prefer red  so lu t ion  on the  bas i s  of i t s  low 
energy behavior, However, s ince  s o  much has been achieved without recourse 
t o  experimental r e s u l t s ,  i t  is  of  i n t e r e s t  f irst  t o  see i f  theory can 
p red ic t  a "best" so lu t ion  f o r  comparison with the  r e s u l t s  of experiment. 
Olsson" has r ecen t ly  noted t h a t  t he  shape of the  s c a t t e r i n g  length 
curve may be q u a l i t a t i v e l y  pred ic ted ,  assuming a o e x i s t s ,  by the  use of 
the  sum r u l e  
w i t h  extreme so lu t ions  exhib i t ing  a '*turnover" phsse 
2a 0 -5a2 = 6L (28) 
where 
0 
With the shape of t he  curve understood, however, i t  seems more pe r t inen t  
t o  use t h i s  r e l a t i o n  as a consistency check, asking whether o r  not the 
l i n e  pred ic ted  by Eq, (28) f o r  a given so lu t ion  passes through t h e  poin t  
on the s c a t t e r i n g  length curve corresponding t o  t h a t  solut ion.  Unfor- 
tuna te ly ,  t he  convergence of t h e  i n t e g r a l  i s  slow, so  t h a t  cont r ibu t ions  
from above 1 BeV are s i g n i f i c a n t ,  The onset of i n e l a s t i c i t y  makes the 
amplitudes computed here  unre l iab le  above 1 BeV; fo r tuna te ly ,  contr ibut ions 
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from the two s-waves and the p-wave almost cancelled i n  t h i s  region, 
Additional high energy cont r ibu t ions  t o  L have been estimated by Tryon 
as follows: from the  fO(1250), .007; from the  g(1650), *002; ne t  
"daughters" cont r ibu t ion  from lower sp in  resonances beneath the  f 
t he  g, .010; "Regge" cont r ibu t ion  due t o  p exchange above 1.8 BeV, -013. 
Adding these contr ibut ions ( t o t a l l i n g  .032) t o  the  contr ibut ions of the  
I = 0 and 2 s-waves and t h e  p-wave (summed t o  1,l BeV) y i e lds  
4 
and 0 
X = -,033: 
L = .090 - .003 + .037 + .032 = .156 
X = -007: 
L = -057 - .008 + .037 + .032 = .118 
X = .040: 
L = .032 - .020 9 .037 + .032 .081 
t o  which is  appended Tryon's e r r o r  estimate of - + .015 due t o  cont r ibu t ions  
from above 1 BeV. 
I n  Fig. 13  the s c a t t e r i n g  length curve is  re-drawn f o r  comparison with 
Solutions with l a r g e r  X values  and higher  t he  l i n e s  predicted by Eq, (28), 
mass 0 ' s  are c l e a r l y  more se l f -cons is ten t  than those with smaller X values  
and lower mass o * s .  The so lu t ion  with X = .040, whose point  lies c lose  t o  
the  .040 l i n e ,  is very se l f -cons is ten t ,  whereas t h e  so lu t ion  with X = .007, 
whose poin t  l ies s l i g h t l y  outs ide  the  e r r o r  ba r s  f o r  the  .007 l i n e ,  is  
cons is ten t  with one s tandard devia t ion  from the  predict ion.  
so lu t ions  with A > .007 are prefer red ,  
Consequently, 
V,  COMPARISON WITH EXPERIMEEE 
We now turn t o  the  r e s u l t s  of experiment, The ana lys i s  by Deinet 
0 0  
-- e t  
f o r  t he  ex is tence  of a o e  
of the  r eac t ion  IT-p -+ IT IT n provides t h e  b e s t  recent  evidence 
'- 0 0  They f i n d  a cross  sec t ion  f o r  IT IT -+ IT IT 
s c a t t e r i n g  cons is ten t  with the  sa tu ra t ion  of u n i t a r i t y  from 600 t o  900 MeV. 
Their  r e s u l t s  are shown i n  Fig. 1 4  along with the  c ross  sec t ion  curves 
ca lcu la ted  from the  so lu t ions  of Fig. 10, While the  so lu t ion  with A = 
-.033 peaks and then f a l l s  at too low an energy, t he  rest of the  so lu t ions  
are cons is ten t  with the  data.  Thus t h e  grea t  widths of the  predicted 
0 ' s  are i n  agreement with experimental r e s u l t s  above t h e  mass of the p .  
Two recent  theoretical/experimental analyses l3 '14 have predicted/  
deduced t h a t  the  r a t i o  of the  s-wave s c a t t e r i n g  lengths  is a /a = -3, 
which would correspond t o  a so lu t ion  with X 0 i n  Fig, 13. However, 
0 2  
when the  pred ic t ions  of t he  so lu t ions  of Fig. 10 are compared wi th  the  
da t a ,  agreement is obtained i n  the  range .007 < A < .03, with -2 < ao/a2 < 
0, This discrepancy is ,  of course,  due t o  the  approximations used i n  
obtaining predic t ions  from the  data.  
I n  the  ana lys i s  of Cline,  Braun and Scherer13 the r a t i o s  of 
+ -  0 0  +-I- 
~ ( I T  IT 
6 / 6  near threshold,  These r a t i o s  are simply on r = s i n  60/sin60 
averaged between 300 and 400 MeV (desp i te  a four fo ld  v a r i a t i o n  i n  the  
-+ IT IT ) t o  ~(IT'- -f ~'IT-) and a(n+a' -t IT IT ) are shown t o  depend 
0 2  
0 0  
0 
former) and used t o  p red ic t  an average value f o r  r which i s  assumed t o  
equal aO/a2" 
paper are shown along with t h e  pred ic t ions  of t h e  so lu t ions  of Fig. 10, 
I n  Figs, 15 and 16 t he  c ross  sec t ion  r a t i o s  from t h e i r  
I n  both cases the  low energy r e s u l t s  are bracketed by the  so lu t ions  with 
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A = .020 and .0079 with  the  former so lu t ion  prefer red  
and the  lat ter by the 00/9-9. r a t i o .  
by the  OO/+ r a t i o  
I n  the  ana lys i s  of Gutay, Meiere and Scharenguivel,14 the  h e l i c i t y  
4 
-I-- amplitudes f o r  the  reac t ion  r-p -+ r IT n are assumed t o  contain the  f a c t o r s  
+ - 2  + -  
R T ( s , A  ) which are the off  mass s h e l l  IT r p a r t i a l  wave s c a t t e r i n g  
2 +- amplitudes, with -A the  mass of t h e  of f - she l l  pion, To i s  expressed 
i n  ternas of l i n e a r ,  crossing-symmetric I = 0 and 2 s-wave amplitudes, 
constructed t o  s a t i s f y  the  Adler consistency condition. (So constructed 
each amplitude is a funct ion of t h e  same two parameters, B and C ,  and the  
va r i ab le s  s and A .) 2 t- Requiring To t o  vanish y i e lds  a l i n e a r  r e l a t i o n  
2 between A and s ( i n  terms of B and C) whose s lope may be used t o  eva lua te  
the  r a t i o  of t h e  parameters, and consequently the  r a t i o  a /a This s lope  
is  then evaluated from a p l o t  of A vs  s f o r  t h e  zeros of t he  asymmetry of 
the TIT angular d i s t r i b u t i o n  (which occur when To vanishes , )  The obvious 
approximation t o  quest ion here  is  the assumption of l i n e a r  amplitudes above 
threshold.  
0 2" 
2 
+- 
Since the amplitudes f o r  t h e  so lu t ions  of Fig. 10 are not  l i n e a r ,  a 
reasonable way of comparing them t o  t h e  da t a  is  t o  f i t  a s t r a i g h t  l i n e  t o  
t h e i r  values  a t  t h e  symmetry po in t ,  and a t  400 MeV ( f i t  t o  R e  A. above 
threshold) ,  For t h i s  procedure t h e  amplitudes are w r i t t e n  
I 
2 2 2 
To = B2(S-A -1) - C2(sd.A -1) 
which, with Bo = B2 and Co = CZ9 agrees with Eq, (4) of Ref, 14 a f t e r  
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imposit ion of the Adler condition, 
mass s h e l l  (A2 = -1)9 and the B ' s  and C ' s  evaluated by f i t t i n g  t o  the 
symmetry point  and 400 MeV values  of t h e  so lu t ion  i n  question, 
= B 
s h e l l .  
Eq. (12) remains s a t i s f i e d ,  but Eq. (13) is f o r f e i t e d  t o  achieve the f i t . )  
1 0 2  Imposing t h e  condi t ion TS- = - (2T +T ) = 0 y i e l d s  the r e l a t i o n  0 6 0 0  
The fou r th  pion is then put on the 
(With Bo 
and Co = C 2 2 these  amplitudes s a t i s f y  crosslng Eqs, (12) and (13) on t h e  mass 
Since t h e  symmetry point  value is  used i n  t h e  f i t t i n g  procedure, 
B2-4B0+4C -C 
a2  = (8B0+2 Co+B2cC O 2)(s-1) (32) 
which has s lope (C-B)/(3B+C) when t h e  B Q s  and C?s  are equal. In Fig. 1 7  
the s lopes computed f o r  Eq. (32) are p lo t t ed  aga ins t  t h e  A values  f o r  t he  
so lu t ions  t o  which the  B ' s  and C ' s  were f i t t e d ,  For comparison, t he  s lopes 
computed by l i n e a r l y  ex t rapola t ing  t h e  crossing symmetric amplitudes 
(equal B q s  and C ' s ,  evaluated using Eq. (14) and the  r e l a t i o n  of A t o  A ( sp) )  
are a l s o  shown. 
0 
0 
Since the  s in t e rcep t  of Eq. (32) is known, one experimental po in t  is 
s u f f i c i e n t  t o  compute t h e  s lope,  The 300-400 MeV poin t  of Ref, 1 4  was  
used t o  compute the  "experimental" value f o r  Fig. 1 7 ,  r a t h e r  than a f i t  
t o  po in t s  up t o  600 MeV. 
of the "experimentaf" band would be r a i sed  from 1,02 t o  l , 3 . )  
clone because f o r  a l l  resonant so lu t ions  Re  A (which increases  above 
threshold) peaks between 400 and 510 MeV, then decreases t o  zero a t  t h e  
(If t he  po in t s  t o  600 MeV were used, t h e  center  
This w a s  
0 
0 
resonance pos i t ion ,  
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Under l i n e a r  ex t rapola t ion  of symmetry poin t  magnitudes and s lopes,  
t he  so lu t ion  with A = -.008 agrees with experiment. The r a t i o  of t h e  
s c a t t e r i n g  lengths  pred ic ted  by t h i s  l i n e a r  ex t rapola t ion  is -3.5. (Linear 
ex t rapola t ion  f o r  a so lu t ion  with A = -.006, which agrees with the 
experimental s lope of 1.3 quoted i n  Ref. 1 4 ,  y i e l d s  a r a t i o  of -3.1 i n  
c lose  agreement with t h e i r  r e s u l t  of -3.2,) However, f o r  t h e  so lu t ion  
(not t he  ex t rapola t ion)  with A = -.008, a /a 
i s  extremely s e n s i t i v e  t o  t h e  non-l inear i ty  of t h e  so lu t ions .  The 
necess i ty  of incorporat ing the  non-l inear i ty  of t he  so lu t ions  when extrapo- 
l a t i n g  them above threshold f o r  comparison with experiment is obvious. 
= -6.4. Clearly t h i s  r a t i o  0 2  
When l i n e a r  amplitudes are f i t t e d  t o  the so lu t ions  and extrapolated 
as described, agreement with experiment is obtained f o r  t he  so lu t ion  with 
A = .03, f o r  which a /a 0. Thus, once again agreement with experiment 
is obtained f o r  a so lu t ion  i n  the  range of A p re fer red  on the  b a s i s  of 
self-consistency under the  sum r u l e  test  of Section I V ,  
0 2  
0 2  
0 0  A f i n a l  experimental test is provided by t h e  value of ( 6  -6 1 a t  
0 500 M e V ,  deduced from t h e  charged-to-neutral decay r a t i o  of the  Kse 
Kalmus15 quotes a value of 40 i- - 15" 2o based on the  work of t he  Rochester 
group,16 A s  is seen i n  Table I, so lu t ions  with A - > .020 pass t h i s  test ,  
Thus agreement with experiment is  obtained f o r  so lu t ions  i n  t h e  range 
.007 < A < .03, which l ies within t h e  range prefer red  by the  sum r u l e  test  
of Sect ion I V ,  With t h i s  impressive agreement as encouragement, t h e  
so lu t ion  with A = .020 i s  se l ec t ed  as the "best" so lu t ion .  This s e l e c t i o n  
is  not made simply because .02 is c e n t r a l  t o  t he  experimentally prefer red  
-25- 
values ,  but rather on the  b a s i s  of the low energy behavior of t he  
experimental po in t s  of Fig. 15. The l o w  energy peaking of t he  c ross  
sec t ion  r a t i o  p lo t t ed  there provides a test which is  i n s e n s i t i v e  t o  
normalization e r r o r s ,  and i s  consequently much more convincing than t h a t  
of Fig, 16, 
ex t rapola t ion  (from A2 = -1 t o  +6) of t h e  l i n e a r  f i t t e d  amplitudes leading 
It i s  a l s o  more convincing than t h e  long off-mass-shell 
t o  the  pred ic t ion  of X = -.03. It i s  extremely s a t i s f y i n g  t o  b e  ab le  t o  
thus s e l e c t  a s i n g l e  so lu t ion ,  within the  range prefer red  by theory,  as 
bes t  e 
VI. SUMMARY AMD CONCLUSION 
It has thus been poss ib le  t o  produce a “beet“ so lu t ion  t o  t h e  coupled 
s and p-wave inverse amplitude d ispers ion  r e l a t i o n s  f o r  ITT s c a t t e r i n g  
which is i n  agreement wi th  a l l  known f e a t u r e s  of t h e  ITIT i n t e rac t ion  a t  low 
energies .  This so lu t ion  w a s  s e l ec t ed  from a range of so lu t ions  obtained 
using as input  only the physical  m a s s  and width of t he  p resonance, plus  
the r e s t r i c t i v e  conditions of a n a l y t i c i t y ,  e l a s t i c  u n i t a r i t y  and crossing 
symmetry, 
I n  order  t o  obta in  t h e  resonant I = 0 s-wave so lu t ions  of i n t e r e s t  
i t  w a s  necessary t o  i n s e r t  (CDD) pole  terms i n t o  both s-wave d ispers ion  
r e l a t i o n s ,  thus allowing zeros  of t h e  amplitude between the cu ts .  
However, i t  w a s  seen t h a t  t h e  motivation f o r  the  i n s e r t i o n  of such poles  
w a s  contained within the formalism i t s e l f ,  and no predic t ions  from o the r  
formalisms were used i n  obtaining t h e  so lu t ions .  
Subtract ion constants  d pole-tern parameters f o r  the  s-waves were 
chosen t o  s a t i s f y  approximate crossing symmetry i n  the  form of de r iva t ive  
conditions t o  t h i r d  order.  The importance of t h e  t h i r d  der iva t ive  condi- 
t i o n  i n  achieving resonant I = 0 s-waves w a s  demonstrated by a series of 
ca lcu la t ions  showing t h a t  i t  was  w e l l  s a t i s f i e d  f o r  a wide range of solu- 
t i ons  obtained when such a resonance was imposed, and t h a t  i t  allowed 
an unambiguous choice t o  be made among var ious  resonant so lu t ions  produced 
when the  I = 2 s-wave was  constrained t o  experimental values. 
Sca t te r ing  lengths  were obtained i n  good agreement with t h e  “universal  
curvett previously obtained elsewhere, and t h e  general  f ea tu re s  of t h i s  
curve were found t o  be  explainable  i n  terms of l i n e a r  ex t rapola t ions  of 
-26- 
-27- 
symmetry poin t  values of magnitudes and s lopes of t h e  s-wave amplitudes 
obtained from the  lowest order crossing conditions.  Nevertheless, the 
deviat ions of these amplitudes from l i n e a r i t y  was  seen t o  a f f e c t  d r a s t i c a l l y  
the  s-wave s c a t t e r i n g  length r a t i o  ao/a20 n e c e s s i t a t i n g  ca re fu l  investiga- 
t i on  of recent  analyses deducing experimental values f o r  t h i s  r a t i o .  The 
best' ' so lu t ion  w a s  chosen as the  r e s u l t  of these  inves t iga t ions ,  and I t  
belonged t o  the  range of so lu t ions  prefer red  on the b a s i s  of a sum ru le .  
Thus theory provides a se l f -cons is ten t  p i c t u r e  of the  low energy TT 
i n t e r a c t i o n  which is able  t o  accommodate a l l  aspects  of the  experimental 
knowledge of this subjec t ,  
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TABLE I 
Scat te r ing  lengths  and symmetry poin values  f o r  t he  p-wave, and 
s-wave phase s h i f t  d i f f e rences  a t  500 MeV f o r  the  resonant so lu t ions  
whose phase s h i f t s  are shown i n  Fig. 10 (method C) a 
x 3 al 
0 2  I 60-60 I 
e 040 e 0312 35.6 44 O 
.020 0320 33,8 53 
.007 0327 32.6 6 3  
-.008 .0333 3 L 4  70 
- 0  020 e 0337 30.7 72 
033 $0342 30.0 77 
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8. 
s-wave phase s h i f t s ,  labeled by A ,  f o r  t y p i c a l  so lu t ions  obtained 
when a 0 of 745 MeV w a s  required (method A). 
s-wave s c a t t e r i n g  lengths ,  w i t h  A values  ind ica ted ,  obtained when 
a CJ of 745 MeV w a s  required (method A ) ,  
Right and l e f t  hand s ides  of Eq. (16) as a funct ion of A f o r  so lu t ions  
obtained when a CJ of 745 MeV was  required (method A) .  
curve is  t h e  l e f t  (s-wave) s i d e  and t h e  dashed curve is the  r i g h t  
The s o l i d  
(p-wave) s ide ,  
Typical s-wave phase s h i f t s  f o r  p o s i t i v e  A ,  obtained when 6* = -20" 
a t  745 MeV w a s  required (method B ) ,  
2 t he  dashed curves show 6 2  0" 0 
0 
0 The s o l i d  curves show 6o and 
Since the  6 curves i n t e r p o l a t e  smoothly 
between bounding so lu t ions ,  some have been 
A l l  phase s h i f t s  are modulo  IT^ 
Typical s-wave phase s h i f t s ,  labeled by A g  
a t  745 MeV w a s  required (method B) .  Sol id  
as i n  Fig. 4 ,  
Typical s-wave phase s h i f t s ,  l abe led  by A ,  
a t  745 MeV w a s  required (method B ) ,  Sol id  
as i n  Fig, 4 .  
Typical s-wave phase s h i f t s  f o r  negat ive A 
a t  745 MeV w a s  required (method B) .  Sol id  
as i n  Fig, 4 .  
s-wave s c a t t e r i n g  lengths  of the  so lu t ions  
a 
l e f t  out f o r  c l a r i t y .  
obtained when 6; = -15" 
and dashed curves are 
obtained when 6; = -10" 
and dashed curves are 
obtained when 6; = -20" 
and dashed curves are 
of Figs. 4-7 (method B). 
Values of 6 ;  f o r  so lu t ions  indicated by c i r c l e s ,  t r i a n g l e s  and 
-31- 
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squares are -20", -15" and -10" respect ively.  
Ref. 2 ,  a required CT of 900, 765 and 600 MeV y ie ld ing  the  upper, 
middle and lower curves respec t ive ly ,  
The curves are from 
9, Right and l e f t  hand s ides  of Eq. (16) as a funct ion of A f o r  
2 
0 so lu t ions  obtained when 6 w a s  f ixed at 745 MeV (method B) .  
10. Typical. s-wave phase s h i f t s ,  l abe led  by X, obtained when Eq. (16) 
w a s  imposed (method C ) .  
11, The s-wave s c a t t e r i n g  lengths  of t he  so lu t ions  of Fig. 10 (method 
C) are indica ted  by c rosses ,  and labe led  by h values.  Sca t te r ing  
lengths  predicted by a l i n e a r  ex t rapola t ion  from the  symmetry point  
of the s-wave amplitudes of these so lu t ions  are indica ted  by t h e  
v e r t i c a l  marks crossing the  appropriately labeled dashed l i nes .  
These latter aspec ts  of t h e  f igu re  are explained i n  t h e  discussion 
a f t e r  Eq. (27). 
1 2 ,  Zeros of the s-wave amplitudes of the so lu t ions  of Fig. 10 (method 
C )  labeled by A values.  Weinberg's pred ic t ion  is labeled PCAC 
and coincides with the  so lu t ion  fo r  A = -.008. The s t r a i g h t  l i n e  
is seen t o  pass  through t h e  points.  
13. The s-wave s c a t t e r i n g  lengths  of t he  so lu t ions  of Fig. 10 (method 
C) are indica ted  by c rosses ,  and labe led  by A values.  The dashed 
l i n e s  are the  pred ic t ions  of Eq. (28) when t h e  var ious so lu t ions  
are used i n  evaluat ing the  sum r u l e  f o r  L. 
t o  L from above 1 BeV and of e r r o r s  are from Ref, 4,  
Estimates of contr ibut ions 
-33- 
+ -  0 0  14. Theore t ica l ly  predicted c ross  sec t ions  f o r  t h e  reac t ion  'IT 'IT -+ 'IT T 
ca lcu la ted  from the  so lu t ions  of Fig. 10 (method C ) ,  p lus  t h e  
u n i t a r i t y  bound. The experimental po in t s  are from Ref. 12,  
+ -  0 0  + -  + -  15. Rat io  of t h e  c ross  sec t ions  f o r  'IT 'IT + 'IT 'IT and 'IT 'IT + 'IT 'IT e The 
curves are computed from the  so lu t ions  of Fig. 10 and labe led  by A .  
Experimental po in ts ,  including symbol shapes, are from Ref. 13. 
f -  0 0  16. Ratio of t h e  c ross  sec t ions  f o r  'IT n -+ 'IT 'IT and .,+'IT+ -+ T'IT+. The 
curves are computed from t h e  so lu t ions  of Fig. 10 (method C) and 
labe led  by A .  Experimental po in t s  are from R e f .  13. 
Slope, as a funct ion of A ,  of t he  l i n e  r e l a t i n g  s and A2 a t  the  17. 
zeros of the  asymmetry of 'IT'IT sca t t e r ing ,  when one pion has mass 
-A e The curves are from the  off-mass-shell ex t rapola t ions  of 2 
t he  so lu t ions  of Fig. 10 (method C). The s o l i d  curve represents  
the  ex t rapola t ions  of l i n e a r  amplitudes with mgni tudes  and s lopes 
f i t t e d  a t  t he  symmetry po in t ,  and the  dashed curve represents  the 
ex t rapola t ions  of linear amplitudes f i t t e d  t o  magnitudes a t  the 
symmetry point  and at 400 MeV. The hor izonta l  band represents  t he  
experimental r e s u l t  obtained from a modif icat ion of t he  ana lys i s  
of Ref, 14. 
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